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Dh- 1 On the commutative and non-commutative analysis and the algebrodynamics 

History of discovery and investigation of exeptional algebras like quaternions or octonions, 
as well as of numerous attempts to apply them for "explanation of the structure of the 
World", is highly dramatic and and full of still unjustified hopes p], [2]. Bibliography on 
! applications of quaternions in theoretical and mathematical physics during only XX century 

runs to thousands of articles [3]. Considerable part of them is devoted to the problem of 
construction of quaternionic analysis which in respect of the richness of internal properties 
and applications can be comparable with complex analysis. However, in opinion of the 
majority of contemporary mathematicians, this problem has not get its solution till now [4]. 

Meanwhile, the commutative analysis, that is, the analysis for functions taking values 
in some associative commutative algebra of finite dimension n > 2 (not necessarily with 
division), has been constructed by G. Sheffers as far as at the end of XIX century [5] in full 
analogy with the complex analysis. At present it is used, in particular, in the conception of 
^ polynumbers and related Finsler geometries developing in the works of D.G. Pavlov and his 

group [HI [7]. Generalization of this version of analysis to superalgebras has been realized in 
the works of V.S. Vladimirov and I.V. Volovich [8]. 

Principal distinction of non-commutative and commutative cases has been noted by A. 
Sudbery [9j: non-commutativity obliterates the difference between an initial q and "conju- 
gated" q* elements of algebra, making it possible to express them through each other using 
only constant basic elements ("units") of algebra. In particular, for the algebra of Hamilton's 
quaternions Q for any q G Q one gets (see [2], p. 121): 

q* = —^(q + I * q * I + J * q * J + K * q * K), (1.1) 

where /, J, K are the three "imaginary" units of the quaternion algebra. That is why the 
definition, in analogy with the complex case, of a "quaternionic analytical" ("quaternionic 
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holomorphic") function as that independent on the quaternionic conjugated argument, ap- 
pears here to be senseless. 

On the other hand, natural definition of the "right" ("left") derivative F'(Z) of a quater- 
nionic function F(Z), F : Q i— > Q: 

F' = dF * dZ~ l (F' = dZ- 1 * dF) (1.2) 

is also unproductive, since the requirement of existence and uniqueness of the limit (11.21 ) 
(that is, of its independence on the path of convergence to zero of the increment dZ in the 
E 4 -space of the algebra Q) leads to a considerably over-determined system of PDE's which 
appears to be compatible only for the trivial case of a linear function (for details see, e.g., 
P,[10]). There exist also additional considerations which convince oneself in the difficulty of 
construction of quaternionic (and, generally, of non-commutative) analysis (see, e.g., [TT]). 

Nonetheless, numerous attempts to bypass these difficulties have been undertaken of 
which most known is the conception of Fueter [9l [TH E2]- I n manv articles conditions 
of "quaternionic analyticity" (or their biquaternionic extension) have been formally writ- 
ten down in the form of a linear system of equation of Maxwell-like type (together with 
correspondent wave equation as an expected generalization of the 2D Laplace equation of 
complex analysis). All these attempts, however, cannot, perhaps, be considered as a succes- 
sive version of quaternionic analysis. As to the more complicated problem of construction of 
non- associative analysis, say, over the algebra of octonions, none approaches to its solution 
are seen till now at all (nevertheless, see [10], section 10). 

Let us return now to the case of commutative analysis. Modern exposition of the above 
presented approach of Sheffers may be found, e.g., in the monograph (THJ. Therein, instead 
of the definition of (invariant) derivative one exploits the requirement on the differential 
of a function of algebraic variable be represented in an invariant "component-less" form. 
This makes it possible to expand the approach to all the (finite-dimensional) associative 
commutative algebras A including those with null divisors, in particular to the algebras of 
double and dual numbers. 

Specifically, let F(Z) be an A-valued function F : A i— > A of algebraic variable Z G A. 
Sheffers formulated condition of its differentiability in A as that of proportionality of linear 
parts of the increments (i.e., of differentials) dZ,dF of the independent variable and the 
function respectively: 

dF = H(Z) * dZ, (1.3) 

where H e A and (*) denotes the operation of multiplication in A. For algebras with division 
condition (11.31) is evidently equivalent to that of existence and "path-independence" of the ra- 
tio of increments, i.e. of the derivative H(Z) = dF*dZ _1 = F'(Z) and, in the particular case 
of the algebra of complex numbers C, immediately leads to the Cauchy-Riemann equations. 
In general case linear PDE's connecting partial derivatives of the components of F{Z) follow 
from (11.31) after elimination of the components of H(Z) and are completely analogous to the 
CR equations for the functions of complex variable. As a whole, the commutative analysis 
created by Sheffers in many aspects reproduces the 2D complex one, so that a wide class 
of A-differentiable functions obeying condition (|1.3p and containing, in particular, arbitrary 
polynoms of A-variable can be constructed. 
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Nonetheless, the transition from commutative case to the non-commutative associa- 
tive algebras of quaternion type seems rather fascinating since those algebras A, unlike the 
commutative ones, possess a wide group of continuous symmetries represented by internal 
automorphisms 

q\-^a*q*a~ 1 , a G A, Vg G A, (1.4) 

preserving the multiplication law in A. For algebra Q the automorphism group is known 
to be 2:1 isomorphic to the group of 3D rotations SO (3) so that the exceptional group of 
Hamilton's quaternions may be treated as the algebra of the Euclidean physical space E 3 . Its 
extension to the field of complex numbers - the algebra of biquaternions B - makes it possible 
to ensure the transition to the 4D space-time and to write down all the basic equations of 
relativistic field theory in a very compact and beautiful form (see, e.g., [II]). Finally, 
the version of (bi)quaternionic analysis earlier suggested by the author and exposed in the 
article below, allows to obtain a nonlinear Lorentz-invariant generalization of the Cauchy- 
Riemann equations and to built only on this base a self-consistent field-particle theory - the 
so called algebrodynamics. The article is devoted to presentation of this (nonlinear) version 
of non-commutative analysis and to its realization in the framework of the algebrodynamical 
approach. 

2 Quaternionic differentiability and conformal mappings 

Correct way to generalize the approach of Sheffers to quaternion-like algebras consists, per- 
haps, in the explicit account of the property of non-commutativity of the algebras like Q 
in the very definition of a differentiable function of Q-variable. Specifically, we note that 
in the right-hand part of the expression (II. 3D one finds an invariant A- valued differential 1- 
form of the most general type which can be constructed using only operations in the algebra 
A. According to these considerations, in the case of a non-commutative (but still associa- 
tive) algebra A, condition ( II .31) may be naturally modified into the following condition of 
A- differentiability of a function F(Z) (see [10, 23] and references therein): 

dF = L(Z)*dZ *R(Z). (2.1) 

Here L, R : A i— > A are two the so called semi- derivative functions of F(Z), left and right 
respectively. For a given F(Z) obeying (12. ip they are defined non-uniquely, up to a trans- 
formation L — > aL, R — > a~ l R in which the function a(Z) takes values in the centre 
(commutative subalgebra) of the algebra A. Thus, according to the definition ( 12.11) , the 
problem of determination of functions differentiable in a non- commutative associative alge- 
bra A is the problem of enumeration of all the triples of functions {F(Z), L(Z), R(Z)} which 
satisfy the condition ^2.1\) (up to the above mentioned a-equivalence of the semi-derivatives). 

For commutative algebras condition (12.11) reduces back to (11.31) where now the "deriva- 
tive" H(Z) is formed from "semi-derivatives" as H(Z) = L(Z) * R(Z). On the other hand, 
if in the general non-commutative case one takes, say, R(Z) = E (expecting the existence 
of the unity element E in the algebra A considered), then he returns back to the condition 
(11. 3D with H(Z) = L(Z). However, as it was already noticed, at least for the quaternion-like 
algebras condition (|2.ip is too rigid, since it can be satisfied only by linear functions of the 
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form F = A * Z + B with A, B being some constant elements of algebra at study (see, e.g., 

mm)- 

In general case condition of A-differentiability (12.11) defines a wider class of functions. 
In particular, for the algebra of Hamilton's quaternions Q condition ( 12.11 ) appears to be 
algebraically equivalent to the condition of conformity of the mapping Z \— > F(Z) in the 
Euclidean space E 4 [24], EHJ, [26] . Indeed, taking the quaternionic norm N 2 (q) = Qo+^i+^l+of 
of the elements in left- and right-hand parts of the relation (12. IB and using the property of 
multiplicativity of norms 

N 2 (p*q) = N 2 (p)N 2 (q), Wp, q G Q, (2.2) 

one obtains: 

df = N 2 (dF) = N 2 (L * R)N 2 {dZ) = A(Z)ds 2 , (2.3) 

so that any Q-differentiable function indeed defines some conformal mapping ds i— > ds in E 4 
with the scale factor A(Z) = N 2 (L * R). Let us notice that in this respect condition (12.11 ) 
can be also regarded as a natural generalization of the condition of complex holomorphy. 

However, it is well known (the so called Liouville theorem, see, e.g., [K]), that in 
the E 4 -space conformal mappings form a finite 15-parametric group, in contrast to the 
infinite-dimensional group of conformal mappings on a complex plane realized by analytical 
functions of complex variable. Each of these conformal mappings in E 4 corresponds to some 
Q-differentiable function obeying condition (12.11) . Namely, for inversion F(Z) = Z~ l one 
has dF = —Z^ 1 * dZ * Z~*, i.e. an expression of the form like (I2.ip . Analogously, one 
can easily verify corresponding statement for other independent conformal mappings in E 4 : 
translations, rotations and dilatation - as well as for arbitrary their sequences. In other 
words, transformations defined by Q-differentiable functions form the group isomorphic to 
the conformal group of E 4 . 

Thus, for exceptional algebra with division Q the class of Q-differentiable functions 
defined by the condition (12.11) is again too narrow to be applied in fundamental physics. 
One cannot, say, hope to use these functions in the capacity of fundamental physical fields. 
It occurs that for this purpose one should pass to complexification of Q, that is, - to the 
algebra of biquaternions B. 

3 Biquaternionic differentiability and the equation of C-eikonal 

Below we restrict ourselves to the case of the full N x N matrix algebras A = Mat(N) over 
R or C (when N = 2, one has the isomorphism of the full matrix algebra Mat(2, C) = B 
to that of biquaternions) . For equivalent of the quaternionic norm - the determinant of the 
matrix of differentials dF in the left-hand part of (j2.ip - one gets: 

det \\dF\\ = det \\L(Z) * R(Z)\\ det \\dZ\\ = \{Z) det \\dZ\\. (3.1) 

In the case when both matrices L, R are invertible, so that \(Z) ^ 0, condition (13.11) defines 
some conformal mapping with the scale factor X(Z) of the infinitesimal (complex or real 
indefinite) "metric" represented by determinant in ( 13.11 ). In particular, for the algebra B we 
deal with conformal mappings in the complexified Minkowski space CM. 
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The most interesting case, however, seems to be that one when det L = (or, analo- 
gously, det R = 0); under this condition the scale factor X(Z) = 0, and the relation (13. 1 H 
defines a mapping of the full vector space of A into the subspace of its elements - null di- 
visors (into the complex "null cone" in the case of the algebra B). Such mappings may be 
named degenerate conformal mappings. They constitute an important and wide class: in 
the context of algebrodynamical theory presented further in the article just these mappings 
(and corresponding differentiable A-functions) are identified with physical fields. In partic- 
ular, under complexification of quaternions the class of differentiable functions and related 
mappings considerably extends. 

In the N x N matrix representation condition of differentiability (12.11) in component 
notation takes the form (A, B, ... = 1, ...N): 

V abFcd = LcaRbd (3.2) 

where V ab corresponds to the operator of derivation with respect to coordinates Z AB . For 
some fixed pair of indices C, D denoting F C d = E, L C a = (pA, Rbd = i>B one gets instead 
of (EOD : 

Vab £ = <Pa^b- (3.3) 

Determinant of the matrix of semi-derivatives in the right-hand part of the equation, by 
virtue of the factorized structure, is identically null. Consequently, one gets the equation: 

det ||VabS|| = 0, (3.4) 

which is necessarily satisfied by any matrix component Fcd = S G M or C of any function 
F(Z) differentiable in A. 

Equation (13.41) represents itself a nonlinear analog of the Laplace equation from com- 
plex analysis, and here nonlinearity arises as a direct consequence of the account of non- 
commutativity of algebra in the very definition of the A-differentiable functions (12.11) . In 
the case of biquaternion algebra B equation ( 13 .41) is just the equation of complex ^-eikonal. 
Indeed, introducing for brevity the following notations for coordinates in matrix representa- 
tion: 

Z 00 = u, Z 11 = v, Z m = w, Z 10 = p, (3.5) 
and computing the determinant ( 13.40 . we come to the equation: 

(V„S) (V„E) - (V w £) (V„E) = 0, (3.6) 

which in the (complex) Cartesian coordinates z° = (u + v)/2, z 3 = (u — v)/2, z 1 = (w + 
p)/2, z 2 = i(w — p)/2 takes the familiar form of the eikonal equation: 

<^> 2 - (ST) 2 " (g^f ~ = 0- I") 

In accord with the results of our paper [17] (see also |18|). general solution of the complex 
eikonal equation consists of two different classes which both can be obtained in an algebraic 
way from some "generating" (complex analytical) function of the projective twistor variable. 
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Specifically, let us choose, in expression (13 .2p for the 4-gradient of complex eikonal 
function, one of the 2-spinors, say, ip = {iPb} and define then the 2-spinor r = {r A } incident 
to it in the sense the Klein-Penrose correspondence [19] 

r = Ztfj, «-> r A = Z Ai? ^ B . (3.8) 

A couple of spinors {^b,t a } connected by the incidence relation (I3.8jl is called the (projec- 
tive) twistor of complex Minkowski space CM. 

Indeed, equation (13.81) as well as the spinor ip itself in equation ( 13.21) are defined up to 
a multiplication by a nonzero complex scalar; therefore, only three complex ratios of twistor 
components are essentially defined. Let, for example, the spinor component be not zero; 
then, making use of the projective equivalence, one can choose the twistor gauge of the form 
■00 — 1 and get for the above ratios: 

^ = G, r° = wG + u, r 1 = vG + p (3.9) 

where {u,v,w,p} are complex coordinates Z AB in representation (I3.5jl . 

Let us choose now an arbitrary function II of three complex arguments - components of 
the projective twistor 

II(?/>i, r°, r 1 ) = U{G, wG + u,vG + p) (3.10) 

It easy to check that resolving equation II = with respect to the unknown G(u,v,w,p), 
one obtains some solution of the complex eikonal equation (CEE) - solution of the I class. 
Further, resolving equation dU/dG = with respect to G again and substituting the obtained 
solution into the initial function IT, we come to a "conjugated" solution to CEE U(u,v,w,p) 
(of the II class). According to results of the paper [T7], these two classes exhaust all (almost 
everywhere analytical) solutions of the CEE (see [17] HH] for details). For further needs let 
us only mention that, for any generating ("World") function IT, corresponding solution of the 
joint system II = 0, dli/dG = defines the structure of singular set H(u, v,w,p) — - the 
locus of branching points of the eikonal function G (II) itself and, correspondingly - of poles of 
its 4-gradient. Resolution of this algebraic system makes it possible, sometimes in lack of an 
explicit expression for the eikonal function itself, to determine the structure of its singularities 
(which may be extremely complicated). This locus defines also the structure of singularities 
of associated gauge fields and of the field of effective curvature being extremely important 
in the algebrodynamical approach. Corresponding examples are presented in |T8], EO, EH IBT] 
and below (section 8). 

4 Global symmetries and splitting of the equation of A-differentiability 

Let us return now back to examine the conditions of A-differentiability (12.11) in general non- 
commutative case of the matrix algebra Mat(N, C). It is easy to check that this fundamental 
relation preserves its form under the following transformations: 

Z ^ PZQ-\ F(Z) ^ SF(Z)T~\ L(Z) ^ SL(Z)p-\ R(Z) ^ QR{Z)T~ l , (4.1) 

where P,Q,S,T are four constant invertible and, in general, distinct matrices N x N (here 
and below the symbol of matrix multiplication is omited for simplicity). Digressing from 
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dilatations (generally, with different scale factors for coordinates Z and functions F(Z)), 
we shall further on set the determinants of all matrices equal to unity so that P,Q,S,T e 
SX(2,C). 

In the particular case of equality of the entire matrices one gets the internal automor- 
phisms of the algebra at study which leave invariant both the trace and the determinant of 
matrices. When N = 2, i.e. in the case of biquaternion algebra B, the determinant defines 
the structure of a bilinear C-valued form: 

det \\Z\\ = (z ) 2 - {z x f - (z 2 ) 2 - (z 3 ) 2 (4.2) 

Thus, in account of the invariance of the trace z°, automorphisms represent themselves the 
rotations of 3-dimensional complex space C 3 ; the automorphism group Avt(M) is 2:1 isomor- 
phic to the group of complex rotations 50(3, C). In general case (N > 2) automorphisms 
look like linear transformations which keep invariant the trace and the holomorphic Finsler- 
like "metrical" form of the iV-th order defined by the structure of matrix determinant. 

For simplicity restricting below to the case N = 2, let us consider general symmetries 
of the conditions of biquaternionic differentiability 04. II) . The coordinate transformations 

Z^PZQ-\ P,Qg 5L(2,C), (4.3) 

evidently represent themselves the 6-parametrical rotations of the full vector space of algebra 
C 4 which leave invariant the holomorphic "metric" (14.21) . These transformations form the 
group 2:1 isomorphic to the group 50(4, C). By this, the law of transformations of the semi- 
derivatives L(Z), R(Z) and the function F(Z) itself remains, according to (14.11) . partially 
indefinite due to existing voluntarism in the choice of two other matrices S,T 6 5L(2,C). 
This situation is, of course, related to a very wide symmetry group of the conditions of 
B-differentiability fl2~TD . 

Indeed, one can set, in particular, S = Q, T = P considering thus symmetries of the 
form 

Z i — ► PZQ-\ F(Z) i-> QF(Z)P- 1 L(Z) i-> QL(Z)P~ 1 , R(Z) i-> QR(Z)P~ 1 , (4.4) 

under which all the "fields" L(Z), R(Z), F(Z) behave themselves as (covariant) vectors re- 
alizing in this way vector representation of the group 50(4, C). However, for the same 
fields another type of transformations preserving the form of basic equations (12. II) is pos- 
sible. Specifically, let us set the matrices 5, T equal to the unit one; then we come to the 
symmetry transformations of the form 

Z ^ PZQ-\ F(Z) i — ► F{Z), L{Z) h-> L(Z)p-\ R(Z) i-> QR(Z), (4.5) 

so that under these the principal function F(Z) behaves itself as a 50(4, C)-scalar, whereas 
the semi-derivatives L(Z),R(Z) - as a complex of two independently transforming columns 
(rows), i.e. as the 50(4, C)-spinors! 

Thus, in the considered case one has a unique situation when one and the same "phys- 
ical field" can be transformed according to a number of independent representations of the 
"complex Lorentz group" 50(4, C) manifesting itself at the same as a vector, a couple of 
spinors or a number of scalars. 
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The most general symmetries (14. IK form (in the 4:1 ratio) the 12C-parametrical group 
SO (A, C) x SO (4, C) which one can imagine himself as the product of coordinate and internal 
groups. However, in respect to the transformations of "fields", representation of the full group 
cannot be uniquely decomposed into representations of each of constituents. 

Indeed, matrices S, T can be uniquely represented in the form S = AQ, T = IIP 
through some new matrices A, II e SL(2,C). By this, the field transformations under 
general symmetries (14.11) take the form: 

Z i-> PZQ^ 1 , F i-> A.(QFP~ 1 )TL~ 1 , L i-> A(QLP^ 1 ), R ^ (QRP~ 1 )IT 1 , (4.6) 

and acquire the following natural interpretation: with respect to the group of "coordinate" 
transformations £0(4, C) coor d all of the fields L(Z), R(Z), F(Z) are (covariant) vectors; 
at the same time, with respect to the internal "isotopic" group 50(4, C)i nt each of semi- 
derivatives L(Z), R(Z) behave itself as a couple of isospinors whereas the basic field F(Z) 
is an isovector. However, this interpretation though suitable is quite not the only possible 
one as we have seen above. 

Let us notice also that the coordinate space Z can be reduced to the space of uni- 
tary matrices (Hamilton's quaternions) or to the space of Hermitian matrices for which the 
above introduced rectilinear coordinates turn to be real and the invariant form (14.21) rep- 
resents the Minkowski metric. By this, the requirement of preservation of the introduced 
condition (of unitary, Hermitian etc. structure) imposes restrictions on the admissible gen- 
eral symmetry transformations (14. IB so that the symmetry group reduces to a smaller one. 
All such situations including admissible transformations of "fields" (which generally remain 
complex-valued) can be easily examined. In particular, on the Hermitian coordinate sub- 
space the algebrodynamical field theory based on the conditions of B-differentiability (12.11 ) 
will be automatically Lorentz invariant. This case will be discussed in details below. 

To conclude the discussion of symmetries, let us note that linear transformations (j4.ll) 
that contain the 5*0(4, C)-rotations and dilatations do not exhaust the whole group of sym- 
metries of the B-differentiability conditions ( 12.11) which are also evidently invariant under 
the 4C translations as well as under the inversions in this space, so that the full group of 
symmetries contains at least the 15C-parametrical group of conformal mappings on the 4D 
complex space equipped with holomorphic metric (14.21) . 

Now, in accord with the wide group of their symmetries, conditions of B-differentiability 
admit various forms of "splitting", i.e. of their reduction to simpler systems of equations. By 
this, of course, symmetry group of the reduced system will be smaller than the initial one. 
The most important example of the procedure is the row (column) splitting of the matrix of 
the basic function F{Z) [23] . 

Specifically, let us denote the two columns of this matrix as F = {r]i 7 r] 2 } and the columns 
of the right semi-derivative as R = {^1,^2}- Then one reduces the initial matrix system to 
that of the following two equations of identical type: 

d Va = $ * dZ * £„, a = 1,2 (4.7) 

and each solution of the full system may be built as an arbitrary composition of some two 
solutions of systems like (14.71 ) with the same matrix "field" 3>(Z) (the field of left semi- 
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derivative). Reduced system (14. 7p is form-invariant, in particular, under the following trans- 
formations of variables: 

Z^QZP-\ fi->P£, <$>^P$Q-\ rj^Pr}, (4.8) 

under which the quantities &(Z) transform as a complex 4-vector and the "fields" r)(Z) h 
£(Z) - as the SL(2, C)-spinors Q. 

Reduction of the full system of equations of B-differentiability to a simpler system of the 
form (14.71) for two spinors (basic and additional) and one 4-vector may be called the spinor 
splitting of the primary system of equations (12.1D . 

The main class of solutions of the full system (12. IB can in fact be restored from an 
arbitrary solution of only one of the spinor systems (14.71) . For this, it is sufficient to nullify, 
say, the spinors r/ 2 and £2 or regard them as proportional to the initial spinors, i.e. to set: 

V2 = k Vl , & = (4.9) 

with arbitrary constant complex factor of proportionality k e C. By this, the right semi- 
derivative will represent a degenerate matrix, det R{Z) = 0, and the principal matrix 
function will differ from a degenerate one by an arbitrary constant matrix C: F{Z) = 
C + H(Z), det H (Z) = 0. We note that the factor of proportionality k cannot depend on 
the coordinates Z in a nontrivial way what may be easily proved in account of the identical 
form of the "field" <&(Z) for both spinor systems (see [21J). 

The degenerate case that corresponds to the degenerate conformal mappings (see sec- 
tion 3) is in general the only physically nontrivial one. Indeed, in the non-degenerate case 
correspondent to the canonical conformal mappings in C the field strengths of gauge fields 
associated with B-differentiable functions identically turn to zero [10], [23], [22] . On the other 
hand, when the matrix of, say, the right semi-derivative is degenerate, its two columns are 
proportional at a point and, by virtue of constancy of the factor k, - globally. Thus, we 
have shown that physically nontrivial solutions of basic equations of B-differentiability (12.11) 
all correspond to degenerate matrices and can be all obtained from the solutions of the 
fundamental spinor system 

dr] = §dZi (4.10) 

through the procedure of trivial completion of the spinors £(Z),r)(Z) up to the full matrices 
with zero determinant (by this, spinors can in addition be multiplied by an arbitrary complex 
number). 

5 General solution of fundamental spinor system 

As the complex eikonal equation (CEE) for individual components of the principal spinor 
rj(Z), general solution of fundamental spinor system (FSS) (<DCC) (14.101) consists of two 
different classes and is obtained by analogy with general solution of the CEE itself (section 
3). Here we shall only announce its structure (full proof will be given elsewhere). 

*It is obvious that transformations (|4.8[) do not exhaust all the symmetries of a system of equations from 
(|4.7p which result from general symmetry transformations (|4.ip 
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Solutions of FSS of the I class 



Let us define the twistor of the space C 4 

w={s,«}={e^a (5.1) 

built on a spinor £(Z) which satisfies the FSS (14. lOj) together with some corresponding 
functions r}(Z), <&(Z). Let three its projective components be functionally independent; then 
one may also consider as functionally independent all four its components 

{U k a = Z ab H b }. (5.2) 

By this, it may be shown that components of the principal spinor, on the contrary, are 
functionally dependent and may be considered as dependent on coordinates only through 
the components of the twistor ( 15.21) : 

VA (Z) = VA (a), a{Z) = <7(£, k) = a(£(Z), Z£(Z)). (5.3) 

The choice of generating function cr(£, k) as well as of the functional dependence on it of 
the components of principal spinor rj A (a) may be quite arbitrary (certainly, if one provides 
necessary smoothness conditions). 

It appears that dependence on coordinates of the components of spinor £a(Z) can be 
by this determined from the solution of algebraic system of two equations of the form: 

da 

-- 0. (5.4) 



Substituting after this the solution £(Z) into (15.31) . one obtains expression of the principal 
spinor rj(Z). By this, the "field" matrix $ab is degenerate and equal to 

drjA da 

Thus, any differentiable function of twistor variable cr(£, k) gives rise to a class of equivalent 
(with respect to the functional dependence of the spinor components t/a) solutions to FSS. 
These solutions are in evident correspondence to the CEE solutions of the I class described 
in section 3. 

Solutions of FSS of the II class 

Let now three projective twistor components (15.11) be functionally dependent; then, again 
with account of arbitrariness of the choice of the fourth component of general twistor, one 
may consider that there exist two functional constraints between its components (15.21) of the 
form 

n (D) (a,^) = n( D )(a,^%) = o, p) = i,2. (5.6) 
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Resolving this system of algebraic equations, one can find the explicit form of the spinor 
£b{Z). Differentiating equations (15.61) with respect to coordinates, one can show (for details 
see |T7]) that the components of £ satisfy differential equations of the form 



c 



9n (D) n -i 



is = ^caZb, (5.7) 



where the notation ^ca for quantities in square brackets is introduced and Q^ c - for the 
matrix, inverse to 

Q^' - (5-8) 

In the invariant Pfaffian form system of equations (15 .7fi may be written down as follows: 

d£ = ^dZi. (5.9) 

Under identification of the principal and additional spinors r/(Z) = t;(Z) and the function 
^(Z) with the "field" §(Z) (i.e. with left semi-derivative "field"), this system is evidently 
itself a solution of FSS correspondent to generating twistor functions f 1 5 . 6 f) . 

Actually, this case is of especial significance for further applications of biquaternionic 
analysis in algebrodynamical framework; in preceding articles the system (15.91) and corre- 
sponding full matrix system 

dF = q/dZF, (5.10) 

in which F(Z) is a degenerate (det F = 0) biquaternionic field constructed by means of two 
proportional spinors £,(Z), has been called the generating system of equations (GSE). Indeed, 
as we shall see later on, any solution of the GSE naturally gives rise to a solution of free 
equations of Maxwell, Yang-Mills and other fundamental (massless) equations of relativistic 
fields. We note that from mathematical point of view the GSE represents itself a special case 
of the IB-differentiability conditions under which the right semi- derivative R{Z) is identified 
with the principal biquaternionic "field" F(Z). 

Let us present now the general form of the FSS solutions of II class that corresponds 
to some arbitrary composition of the two generating twistor functions n^(^, k a ). From 
these, resolving the algebraic equations ( I5.6p for the spinor £(Z) and computing the quantities 
^f(Z) by means of formulas (15 .71 ). (15 .81) . one obtains a complete solution to the GSE ( I5.9p . By 
this, it turns out that the components of the principal spinor T)(Z) may be arbitrary (and, 
generally, different) functions of twistor components (15.21) : 

VA (Z) = VA (Z, k) = 7i A (£{Z), Zi{Z)). (5.11) 



Let us note also that by virtue of the constraints (|5.6I) only two of these twistor com- 
ponents are actually independent. Finally, corresponding expression for the "field" &(Z) 
is obtained from the already found solution of GSE {ty(Z), £(Z)} and arbitrarily chosen 
dependence of components of the principal spinor (15.111) in the following way: 

$(Z) = (M*(Z)+N(E + ZV(Z)), M:=||||||, N := |||^||, (5.12) 
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where E represents again the 2x2 unit matrix. As the result, one obtains that any pair 
of independent functions of twistor variable Il( D )(W) = H^^a, k a ) gives rise to a class of 
equivalent (in respect of the arbitrariness of mutual dependence of the components of the 
principal spinor tja (W)) solutions of the FSS. Certainly, this class corresponds to the II class 
of solutions to CEE described in section 3. 

Thus, we come to the general solution of FSS (14.100 . Indeed, since from the three 
projective components of principal twistor (15.11) either all three or only two are functionally 
independent H, any solution to FSS belongs either to the first or to the second class. That 
is why any (almost everywhere analytical) solution to FSS may be obtained from some 
generating function of twistor variable (I class) or from a pair of such functions (II class) 
through the above described purely algebraic procedure. In compare with general solution 
to the complex eikonal equation described earlier in section 3 (in a fixed gauge) and in 
articles (TTJ HE], in the case of FSS there exists an additional arbitrariness of the choice (of 
dependence on twistor variables) of the components of the principal spinor which may be 
either functionally connected (for the I class solutions) or independent (for solutions of the 
II class). 

Such arbitrariness may be naturally eliminated if one chooses as fundamental the gen- 
erating system of equations (15.91) or corresponding full-matrix system (15 . 10H . All solutions 
of the latter belong already to the second class of the FSS solutions and are completely 
determined by the choice of a pair of generating functions of twistor variable ( 15.61) (or, under 
fixing of gauge for projective twistor (see below) - even by a sole generating "World" func- 
tion). Therefore, we proceed now to the detailed examination of properties and solutions of 
this universal system of equations. 

6 Biquaternionic differentiability and the gauge fields 

In the algebrodynamics, conditions of biquaternionic differentiability (12.11) and, particularly, 
principal case of them - the generating system of equations (1 5 . 9 f) . (15.101) - are considered 
as the unique primary equations of physical fields identified with differentiable B-functions. 
By this, in order to guarantee the theory to be relativistic invariant, one has to restrict 
the complex coordinates Z to the subspace of Hermitian matrices Z \— > X = X + with the 
Minkowski metric detX = (x ) 2 - (x 1 ) 2 - (x 2 ) 2 - (x 3 ) 2 . The GSE ((533) takes then the 
following form: 

dS, = ^dX£ (6.1) 

and preserves it (including the Hermitian structure of coordinate matrix) under the following 
symmetry transformations: 

X ^ P + XP, £ ^ P- 1 £, ^ ^ p-^iP+y 1 , (6.2) 

where the quantities £(Z) and ^(Z) behave themselves as an SX(2, C)-spinor and a complex 
4- vector respectively. Of course, there exists also a more general symmetry group ( 16.11) . 

2 Statement that at least two components of a generic twistor are always independent is proved, for 
example, in [22] 
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namely, the conformal group of Minkowski space, and just this fact predetermines the exis- 
tence of twistor structure introduced above. 

It should be noted, however, that the property of Hermitiance represents itself some 
superfluous requirement which is not motivated by the internal structure of initial algebra 
of biquaternions. In the last section we shall demonstrate in which way the structure of 
Minkowski space is actually encoded in the structure of the full vector space <C 4 of the IB- 
algebra. In account of this circumstance, in this and subsequent sections we preserve, as 
a rule, the holomorphic structure of theory dealing, as before, with complex coordinates 
Z = {z^} and, correspondingly, - with GSE in its previous form (15.91) . (15.101) . When 
only the theory acquires an explicit physical interpretation, we accomplish transition to 
the real coordinates {x^} or, in other words, - to the Hermitian matrix of Minkowski space 
coordinates X = X + . 

Let us recall now that the GSE (15.91) is over- determined (8 differential equations for 6 
unknown functions). Therefore, some conditions of compatibility (integrability etc.) must 
be fulfilled that allow to obtain from ( 15.91) some restrictions on both the spinor £(Z) and the 
vector field ^f(Z). However, before we start to consider these, it is necessary to examine the 
gauge nature of the field ^f(Z) that turns to be essentially distinct from generally accepted 
one. Let us also note that further in this and subsequent sections we follow mostly the 
exposition of the discussed questions presented in [22, 26J. 

It is easy to see that the well-known from the field theory gauge £/( ^-transformations 
of the form 

f h->expia(X)f, ^^^-zVlna, «Gl (6.3) 

or their natural complexification, do not leave the GSE form-invariant. Nonetheless, in our 
papers [23], [22] it was shown that this system possesses the so called "weak" (or "restricted") 
gauge symmetry under which the gauge parameter a depends on coordinates implicitly, only 
through the components of the transformed spinor £(Z) itself and the spinor k(Z) = Z£(Z) 
twistor-conjugated to it: 

a = a {W) = a(f , «) = a(£(Z), Z£{Z)). (6.4) 

Such transformations that correspond to the projective transformations of twistor compo- 
nents, form a group which is a (proper) subgroup of the full gauge group C (the latter being 
the complexification of U(l)) [22]). By this, the quantities ^f(Z) transform gradient-wise, 
that is, behave themselves as the potentials of some gauge field. As we shall see below, this 
field may be naturally associated with (complexified) electromagnetic field. 

Indeed, the GSE ( 15.91 ) can be considered as condition for the spinor ^(Z) be covariantly 
constant (absolutely parallel) with respect to the IB-valued differential 1-form of effective 
connection: 

n = ^dZ. (6.5) 

Interestingly, in the 4- vector representation IB-induced connection (16.51 ) gives rise to an affine 
connection of the form [10, 23] : 

n p = 5^ p + 5^ u - v ^ - ie% x *\ (6.6) 
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that defines actually the effective complex Weyl-Cartan geometry. In such IB-induced geom- 
etry the non-metricity Weyl vector and the vector of the pseudotrace of the skew-symmetric 
torsion are proportional to each other and are expressed both through the components of 
the principal gauge field ^(Z) 0. 

Making now use of the definition <\QM . let us rewrite the initial GSE (15.91 ) in the form 

= fi£ (6.7) 

Dynamics of the connection Q,(Z) may be obtained through external differentiation of (16.71) 
that results in the condition of integrability of the form 

Rt = (dQ - tt A Q)£ = 0, (6.8) 

where (in parentheses) a curvature 2-form R appears. Since the spinor £ is not arbitrary but 
subject to (16.71) . conditions of integrability ( 16.81) do not result in the zero value of curvature 
0. Quite remarkably, instead of trivial "zero curvature" requirement, integrability conditions 
(I6.8P result in the self-duality of curvature (TH, 23j . 

In order to demonstrate this, let us note that for connection of the type ( 16 .51 ) the 
curvature R is of the following, rather special form: 

R= (d$> - ^dZ^) AdZ = nAdZ, (6.9) 

in which a novel B-valued 1-form ir arises, with components 

*AD = 7T ACBD dZ BD = (V BD ^AC ~ ^AB^C D )dZ BD . (6.10) 

Now the integrability conditions (16.81) take the form (tt A dZ)C, = 0, or, in matrix represen- 
tation: 

n AC BDdZ BD A dZ CE i E = 0. 
With account of the symmetry properties of 2-spinors from the last relation one obtains: 

^A C(bCe) = 0, 

so that for any nontrivial solution £(Z) one has: 

7T A C CB = VcB^A C + ^BC^A C = 0. (6.11) 

Further, making use of the standard procedure and decomposing the curvature (16.91) 
into the self- and the antiself-dual parts one finds that equations (|6.11l) represent just the 
conditions for the self-dual part of curvature to vanish. By this, another antiself-dual its part 
R has the form: 

RaIbc) = V%^AC) ~ ^%^AC) (6.12) 

3 Absolutely parallel fields in the framework of Weyl geometry free of torsion have been studied in [51] ; 
their properties are closely related to the symmetries of Weyl manifolds [32] . For real connections of such 
type relations between the non-metrical and torsion parts were the object of consideration in |29J 

4 At this point our approach considerably differs from that accepted in the works of Buchdahl [33J, Pen- 
rose [51] or Plebanski pi] who conjectured that integrability conditions resembling (|6.8j) should be fulfilled 
for arbitrary spinor field (or for a wide class of solutions to the so called "exact" systems of field equations) 
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and satisfies the additional integrability conditions R£ = (later in the article we do not 
make use of these conditions). 

Thus, though the curvature 2-form (|6.9p of the connection 1-form (16 .5D is not (anti)self- 
dual by itself (i.e. (anti) self-dual in the "strong" sense), it necessarily becomes antiself-dual 
on the solutions to GSE. For this reason this property of the effective curvature of GSE has 
been called weak (anti) self- duality |39| . 

From physical viewpoint, expression (I6.12p defines the field strength of some matrix 
gauge field; in particular, its diagonal part 

Fbc = R a A (bc) = V A (b $ac) (6.13) 

corresponds to the strength of (complexified) electromagnetic field whereas the trace-tree 
part ( 16.121) defines the strength of a complex field of the Yang-Mills type 0. Indeed, in 
account of the Bianchi identities 

dR = Q A R — R AQ, (6.14) 

self-duality of curvature R + iR* = immediately implies the fulfillment of free Maxwell 
equations for diagonal (electromagnetic) part of the 2-form F = Tr(R) = R A ■ 

dF* = = dF = 0, (6.15) 

as well as of Yang-Mills equations for trace-free part of curvature form F A B = R A B — \F5 A . 

By this, though the electromagnetic 2-form F is, generally speaking, C-valued, by virtue 
of its self-duality it is reduced to the real 2-form F connected with F in the following way: 

F = F — iF*. (6.16) 

Certainly, for this form homogeneous Maxwell equations are satisfied too so that the number 
of independent degrees of freedom turns to be equal to that for the ordinary real electromag- 
netic field. In explicit form for C-valued strengths of "electric" E and "magnetic" H fields 
one has from (symmetric part of) the integrability conditions (16.111) : 

E + iH = 0, (6.17) 

from where one gets ^s(H) = 3t(E), $s(E) = —31(H) so that a pair {31(E), 31(H)} represents 
the R-valued electromagnetic field subject to Maxwell equations. In addition, from (the 
skew-symmetric part of) equations (I6.1ip one obtains the following "inhomogeneous Lorentz 
condition" [10, 23J for the C-valued electromagnetic potentials <-> §ad'- 

d^ l + 2A^ = 0, (6.18) 

5 In fact, here introduced field is not exactly what is generally accepted as the Yang-Mills one with the 
gauge group SL(2, C) if one takes in account the restricted (weak) gauge symmetry. However, the form of 
gauge equations is completely identical to that generally accepted. Restrictions take place only with respect 
to the class of the admissible solutions and their transformations into each other under the action of the 
"weak" gauge group 
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which must also hold identically on the solutions of GSE. Certainly, condition (16. 18ft is 
not gauge invariant by itself, in the accepted "strong" sense; nonetheless, it is invariant 
with respect to the "weak" gauge transformations (16.41) . under the requirement that the 
transformed potentials (together with some corresponding spinor field £(Z)) really satisfy 
the GSE. 

As to the Yang-Mills fields, they can be here always expressed through the strengths 
of electromagnetic field and the spinor £4 itself and, therefore, cannot be considered as 
independent. Note that separately the real and imaginary parts of the trace-less component 
of the curvature F A B will no longer satisfy free Yang-Mills equations by virtue of non- 
linearity of the latters. That is why here the Yang-Mills fields are essentially complex- 
valued. Other properties and peculiarities of the Yang-Mills fields arising in the framework 
of algebrodynamical approach can be found, say, in [23]. 

7 Null shear-free congruences of rays associated with the GSE 

Let us now consider restrictions on the principal spinor £a arising under elimination of 
potentials of the gauge fields from the GSE (15.91) . For this purpose, let us write out the 
given Pfaffian system of differential equations in components: 

VbaCc = VcbU- (7-1) 

Multiplying the latter by the orthogonal spinor £ A with account of skew-symmetry of the 
spinor norm £a£, A = we get: 

£ A VbaZc = 0, (7.2) 

i.e. the system of nonlinear equations for the components of the spinor ^(Z). Let us note that 
under restriction of complex coordinates to the Minkowski subspace M, as a consequence 
of (17.21 ). one obtains a (well known in the framework of GTR) system of equations for the 
principal spinor of the so called shear-free null (geodesic) congruence (SFC) of 4-dimensional 
rectilinear "rays": 

Z b Z c VabZc = 0. (7.3) 

At this point we must warn the reader that here and below, in contrast to the generally 
accepted formalism, we make no difference between the primed and unprimed spinor indices 
under the restriction of coordinates to M. This is made to preserve as much as possible the 
notations specific for the full complex space and surely will not lead to any misunderstanding. 

In our articles [221 EE] it was shown that initial system ( 17.21) differs from the SFC system 
( 17.31) only in a more rigid fixing of the gauge of the principal spinor £, and is completely 
equivalent to the latter in what is related to the ratio of spinor's components. In particu- 
lar, general solution of the SFC system (and, therefore, - complete description of all such 
congruence on the background of the Minkowski space M) is explicitly related to its twistor 
structure and represented by the famous Kerr theorem (40[ US] in the form of implicit 
algebraic equation: 

n(£,K) = n(£,Z£)=0, (7.4) 

where II is an arbitrary homogeneous function of twistor arguments. From the constraint 
( 17.41) the ratio of spinor components may be found which only is defined by the SFC system 
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of equations (17.31) . Analogously, the more rigid system of equations for the principal spinor 
of GSE (17. 2D has, as it has been shown earlier (section 4), general solution (I5.6P in the form 
of two equations that contain some arbitrary and independent twistor functions TL^ D \^, k). 
From these equations now both spinor components £(Z) can be defined altogether. 

It is well known that, in order to draw geometrically a SFC on M, one has to define, 
via the principal spinor £(Z), the field of a (real- valued) null 4- vector k^(X) tangent to the 
(rectilinear) rays of the congruence as follows: 

k ll {X)=t<?^ a^ = {E,a a }, (7.5) 

where {o~ a }, a = 1, 2, 3 are the Pauli matrices and E - the unit 2 x 2-matrix. 

Now, resolving the Klein-Penrose condition of spinor incidence f!3.8f) restricted to M, 

k = Xt, (7.6) 

with respect to the space-time points X, one obtains [19] that twistor field {£, k] together 
with the SFC tangent vector is transported in parallel along rectilinear null directions 
defined by the vector itself. By this, as a parameter of transportation along the rays one may 
choose the time coordinate itself (IE, EH 160] . 

Let us note now that for physical applications only projective components of the GSE 
twistor are of importance that are defined, say, by the ratio of spinor components £i/£o — G 
and equal then to 

k° = wG + u, K 1 = vG + p, (7.7) 

where u,v,w,p are the complex matrix coordinates (13.51) two of which (u, v ) become real 
under the restriction to M whereas the two others (w,p) become complex-conjugated. By 
this, both systems (|7.2p and (I7.3P for fundamental spinor field G turn to be equivalent to a 
pair of PDE's of the following form: 

V W G = GV U G, V V G = GV P G, (7.8) 

General analytical solution of equations (17.81) for function G(X) follows now from its gauge 
invariant representation (15.61) in the form of a unique algebraic equation 

n(G, k°, k 1 ) = n(G, wG + u ,vG + p) = 0, (7.9) 

that implicitly defines the function G(X). Here II is an arbitrary holomorphic function 
of three complex twistor variables. Equation (17.9p expresses itself the fact of functional 
dependence of the three components {G, k°, k 1 } of the projective twistor W associated with 
solutions to GSE. For the SFC equations (|7.3I) this equation is well known representing the 
Kerr theorem in a fixed gauge. 

Let us notice now that solutions of (17.81) are defined almost everywhere except the 
branching points of the G(X)-function that correspond to multiple roots of the Kerr equation 
( I7.9p and are defined by the condition of the form: 

cffl 

/>:=- = ». (7.10) 



6 This may be compared with general solution of the complex eikonal equation of the II class, see section 

3 
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Multiplying now one by another the two equations (I7.8D one can verify once more the fact 
of fulfilment of the complex 4-eikonal equation for the field G(X) in the form: 

V U GV V G - V W GV P G = 0, (7.11) 

On the other hand, differentiating these equations one can check that G(X) satisfies also 
the linear wave (d'Alembert) equation [HJ [39], [56] 

DG = (V u V t , - V W V P )G = 0. (7.12) 

We mention also that in account of (j7.11l) any C 2 -function X(G) is also harmonic on the 
solutions of GSE: 

DX(G) = 0. (7.13) 

Further, making use of the expression (15.71) for potentials ^ab and taking in account 
equation (17.111) . we can express the strengths of electromagnetic field (16.131) through the 
second order derivatives of In G: 



F 00 = V u V p \nG, F n = V v V w lnG, F 01 = V w V p lnG, (7.14) 

so that fulfilment of free Maxwell equations for the strengths (17.14ft follows directly from the 
wave equation ( 17.131) for A = InG. Now, differentiating twice the identity (17.91) with respect 
to the coordinates {u,v,w,p}, we obtain a very important (and having none analogues in 
literature) representation of the strengths of electromagnetic field ( 17.141) through the twistor 
variables I22ll26l: 



i /_ d ,n 4 n 
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where the function P is defined by (17.10p and {n^ILAs}, A,B = 0,1 denote the (first 
and second order) derivatives of the function II with respect to its twistor arguments k°, k 1 . 
Below we shall return back to this compact expression of the strengths of the associated 
electromagnetic field. 

Close connections between the GSE and SFC equations gives us an opportunity to 
introduce one more geometrophysical structure - an effective Riemannian metric. Indeed, 
it is well known (40, [42] that it is possible to deform the flat space-time metric rj^ into a 
metric g^ v of the Kerr-Schild type: 

gw = Viw + hkpk v (7.16) 

so that all the defining characteristics of the SFC - geodesity, twist and shear-free property 
- are preserved under such a deformation. Here h is some scalar function of coordinates, 
and the null (with respect to both the flat and deformed metrics) congruence k(X) defined 
in ( 17.51) has the following projective invariant form: 

k = du + Gdw + Gdw + GGdv, (7.17) 

where as G the quantity complex conjugated to G is denoted. 
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Let us turn now to the results of classical paper [40] in which it has been proved that 
metric (17.161) satisfies the electrovacuum Einstein-Maxwell system of equations for functions 
G obtained as the solutions of the Kerr algebraic equation (17.91) with linear with respect to 
the twistor arguments k°, k 1 generating functions II : 

11 = <p+ (qG + s)^ - (pG + q)K°. (7.18) 

Here <p = <p(G) is an arbitrary analytical function of the complex variable G, s h p are 
real and q - complex constants. Not going in details, we note that according to the results 
of paper [40] scalar function h in (17.160 is defined, up to an arbitrary constant, by initial 
generating function II and another function ^(G) independent on <p(G) and related to the 
electromagnetic field of the solution of Einstein-Maxwell system. Such fields are defined in 
the curved space with metric (I7.16p and are, generally, different from those arising in our 
approach and satisfying Maxwell equations on the flat space-time background 0. Nonetheless, 
at least for the most physically interesting solutions (like those of Reissner-Nordstrem or of 
Kerr-Newman ones) both these fields are nearly identical differing only in respect that in our 
approach electric charge is fixed in absolute value (due to the existence of "master" structure 
of the GSE (see section 8 below). 

It was also shown in [lO, E] that singularities of curvature of the effective Kerr-Schild 
metric (17.161) are defined just by the condition ( 17.101) . On the other hand, it follows from 
expression (17.151) that the same equation P = defines the locus of singular points of asso- 
ciated electromagnetic field. The very same condition may be checked to define singularities 
of the Yang-Mills field associated with solutions of the GSE @. 

Thus, to any solution of the GSE it can be naturally put in correspondence some elec- 
tromagnetic, complex YM and curvature (effective gravitational) fields. These satisfy re- 
spectively the free (complexified) equations of Maxwell, Yang-Mills and, at least in the basic 
stationary case - the electrovacuum Einstein-Maxwell system 0. Singularities of all these 
fields are defined by one and the same condition (17.101) and completely coincide in space 
and time. This remarkable fact makes it possible, in the framework of algebrodynamical ap- 
proach based on the GSE, to consider particles as common singularities of all the associated 
fields. We shall develop this conception in the subsequent section. 

8 Singular "particle-like" solutions of GSE with self-quantized electric charge 

We present here a brief review of the main classes of solutions of the GSE and of the 
associated Maxwell equations known for the present. All these can be obtained through the 
choice of a generating function II, subsequent resolution of the algebraic Kerr equation (j7.8l) 
and calculation of derivatives. If one restricts himself to the simplest case of solutions that 
can be obtained in explicit form, he has to consider only functions II quadratic in twistor 

7 At the same time both these types of fields are, generally, different also from the fields which may be 
defined for any SFC through the twistor Penrose transform, see, e.g., [19], chapter 6 

8 Additional singularities of the YM field strengths correspond to the poles of function G(X) [2T1I22] 

9 Correspondence between shear-free null congruences and gauge fields has been studied for the case of a 
curved (algebraically special) space-time background in our paper [57] 
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arguments (linear functions lead to solutions with zero field strengths (|7.f 41) of the associated 
electromagnetic field). 

Fundamental static solution is generated by the function II of the form 

n = Gk° - k 1 + 2ia = G(wG + u) - (vG + p) + 2ia, (8.1) 

(a = Const e R) which does not contain the time coordinate. Equating the function to 
zero and resolving the quadratic equation with respect to the unknown G one gets (after 
restriction of coordinates to the real Minkowski space): 

G = p = x + % y (8 2) 

(z + ia)±n (z + id) ± ^x 2 + y 2 + (z + ia) 2 ' 
Electromagnetic field (I7.14D corresponding to the above solution, 

E-iH = ±^-; {E + iH = 0), (8.3) 

where r* = {x, y,z + ia}, possesses the singular locus in the form of a ring of radius a, the 
only possible value of electric charge q — ±1/4 (in the dimensionless units used) and a dipole 
magnetic and quadruple electric moments equal respectively to qa and qa 2 [39l EE]. If one 
digresses from the restrictions on charge, the electromagnetic field (18.31) together with the 
Riemannian metric (17.161) corresponding to the SFC ( 17.171) . precisely reproduces the field 
and metric of the Kerr-Newman solution (in the coordinates used in [40]). In the particular 
case a = solution ( 18.21) corresponds to the stereographic projection S 2 — ► C and the fields 
turn into the Coulomb electric field and the Reissner-Nordstrem metric. 

Self-quantization of electric charge is a fundamental property of the GSE solutions dis- 
covered in [TQl [23]. This property follows from the self-duality conditions (j6.17l) which, to- 
gether with the property of gauge invariance of the GSE, leads to restriction q = N/4, N G Z 
for the admissible values of electric charge of electromagnetic field associated with any so- 
lution of the GSE 0. Property of charge self-quantization has both topological and purely 
dynamical reasons, the latters being connected with the over-determined structure of the 
GSE. Proof of general theorem on charge quantization in the framework of algebrodynamics 
is presented in the articles [26, 58]. 

By this, it is necessary to mention that, in contrast to some other, purely topological 
approaches to the problem of the charge quantization [43], [44], in the context of the GSE the 
charge of fundamental static solution (18 .2D can possess only a fixed and minimally posisble 
value and, consequently, can be naturally treated as the elementary charge. Together with 
the known property of the Kerr-Newman solution to have the gyromagnetic ratio g = 2, 
equal to that for the Dirac particle [45], appearance of elementary charge in the theory 
justifies numerous attempts to interpret the ring singularity of fundamental solution (18.21 ) 
in capacity of the classical model of electron. Such attempts have been undertaken, say, in 

10 Actually, in the B-electrodynamics invariant with respect to the so called duality transformations it is 
not electric charge but the effective magneto- electric charge that is physically significant and quantized. In 
account of this, the problem of magnetic monopole also gets a natural solution [58] 
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the models of Lopes [46], Israel [47] or Burinskii [4.8J based exclusively on the properties of 
solutions of the Einstein-Maxwell system Ell- 
According to general theorem proved in [41] (see also [IB]), all static solutions of the 
SFC equations (and, consequently, - of the GSE) for which the singular locus is bound in 
3D-space (below we call them particle-like solutions |27j) reduce (up to 3D rotations and 
translations) to the Kerr solution (18 .21) . If, however, one would remove requirement on a 
solution to be static and leave the class of functions (17.18D considered in [40], he can find a lot 
of time-dependent "particle-like" solutions with bound singularities of different dimensions, 
temporal dynamics and spatial shapes. 

In particular, an axisymmetric solution of "particle-like" type generated by the function 

n = «V + b 2 G 2 = 0, b = Const, (8.4) 

has been found in [39], [21]. For real- valued b it describes two point-like singularities with 
elementary unlike charges +1/4 u —1/4 accomplishing a counter hyperbolic motion (i.e., 
uniformly accelerated). Electromagnetic field of this solution 

8b 2 pz „ 4b 2 M 8b 2 pt 
^p = ± A^' Ez = T ^m> ^ = ± a^> ( 8 - 5 ) 

corresponds to that of the well known Born solution. By this, the following notations are 
used: 

p 2 = x 2 + y 2 , s 2 = t 2 - z 2 , M = s 2 + p 2 + b 2 , A = M 2 -4s 2 p 2 , 

and the field singularities are defined by the condition A = 0. For purely imaginary b = 
ia, a G E initially, at t = 0, one has an electrically neutral ring-like singularity of radius a 
which in the course of time turns into an expanding torus. After the time passed t = \a\ 
singular locus transforms itself into a self-intersecting torus represented at Fig.l. 



Let us also mention here a particle-like solution whose singular locus is 8-shaped (at 
initial moment), and a wave-like solution with helix-like singularity [27]. The latter (obtained 
from generating function more complicated than the quadratic one) represents itself an 
analogue of the electromagnetic wave in the algebrodynamical context. 

If one gives up the condition for generating function to be quadratic, he comes to a 
wider class of the GSE solutions and to corresponding solutions of Maxwell equations with 
extremely complicated structure of singular locus. In particular, in [TBI ED] a solution of such 
type has been presented which describes the process of annihilation of a pair of oppositely 
charged point-like singularities. We have also found therein a solution with a "photon-like" 
singularity (in the form of a couple of crossed rings) moving uniformly and rectilinearly with 
the speed of light. 

11 However, recently in our work [59J it has been proved that the Kerr congruence is unstable in the sense 
that, under some small alteration of parameters of the generating function (|8.ip . the static singular Kerr ring 
transforms into the ring uniformly expanding and then "irradiating to infinity". Resolution of the instability 
problem requires, perhaps, a transition to the novel "causal Minkowski geometry with phase", see discussion 
in section 9 below 
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Figure 1: Shape of the singular locus for electromagnetic field (18.51) of electrically neutral 
solution (18.41 ) at initial (t = 0) and final (t > \a\) instants 

Thus, in a purely algebraic way a wide class of explicitly or implicitly given solutions of 
free Maxwell equations with complicated and composite structure of point-like or extended 
singularities has been obtained. Considerable part of these solutions has not been known 
previously, and even their very existence has not been discussing. These solutions are well 
defined everywhere except the points at which the electromagnetic field strength turns to 
infinity. Locus of these singular points (at a given instant) may be 0-, 1- and even 2- 
dimensional (as it takes place for the case of the torus-like singularity (18 .5B ); moreover, it may 
dynamically change its dimension (say, for the same solution (18.51) ). However, for solutions of 
general type, free of any type of symmetry, this singular locus is always one-dimensional and 
consists of a number of closed or infinite curves ("strings") [20]. For solutions of particle-like 
type singular locus is bound in the 3D physical space. 

Despite the initial "vacuumness" of gauge equations arising from the structure of GSE, 
the field singularities define spatial distribution and temporal dynamics of an effective field 
source at the points of whose location the property of analyticity of solutions becomes broken. 
Therefore, in contrast to the ordinary approach where an initially posed source defines its 
own electromagnetic field in the surrounding space, in here presented conception, on the 
contrary, almost everywhere analytical field subject to free Maxwell (Yang-Mills) equations 
predetermines itself the location of its singular sources. The considered solutions are well 
defined in the whole infinite space-time except at a singular set of zero measure. They are 
obtained algebraically from an arbitrary generating function and do not require any initial 
or boundary conditions. 

Moreover, it appears to be impossible, generally, to reduce this singular locus to a stan- 
dard description through its covering by a family of 5-shaped source distributions, owing 
to essential multi-valuedness of charged solutions of the Kerr type. Nonetheless, the whole 
set of "quantum numbers", the shape and dynamics of such singularities are correctly de- 
fined and quite nontrivial, this being related to the so called hidden nonlinearity [ED, S3] of 
Maxwell (and Yang-Mills) equations in the framework of algebrodynamics, that is, to their 
secondariness with respect to the nonlinear structure of the primary GSE (as integrability 
conditions of the latter). 

It is just the presence of "master" equations - the GSE - that ensures the existence of 
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a number of "selection rules" even for solutions of linear Maxwell equations, restrictions on 
admissible values of electric charge among them, and results also in the breakdown of the 
superposition principle (since, say, a sum of solutions satisfies the linear Maxwell equations 
but quite not necessarily - the primary GSE itself!) 

The over-determined primary GSE is, generally, not also invariant with respect to the 
spatial reflections (and, perhaps, - to the time reversal) [23]. These invariances are restored 
only at the level of consequences, integrability conditions of these primary equations, namely 
- at the level of Maxwell, Yang-Mills and similar equations. Such situation seems to be 
exceptional in the field theory and, on the other hand, is completely adequate with respect 
to the observed physical reality. In seems to be even capable in principle to describe the 
P-violation and the time irreversibility. 

More detailed discussion of the status of singular "particle-like" solutions in the algebro- 
dynamics the reader can find in our works [23], E7J [58l [T8] . 

9 IB-induced complex space-time geometry and the ensemble of dublicons 

A beautiful representation of the solutions of SFC equations (and, consequently, - of our 
biquaternion-induced GSE) has been suggested in the works of E.T. Newman et al. [4*9ll52l l53] 
and developed later in the article [50] and in a series of subsequent works of A.Ya. Burinskii 
and of E.T. Newman with collaborators. In this representation one considers a "virtual" 
point-like charge "moving" along an arbitrary curve {^(r)}, r G C in the complexification 
of Minkowski space CM. In this case the "trace" of the complex null ("light-like") cone of 
the "moving" charge on the real Minkowski "slice" M of the full complex space forms there 
a null congruence of rays which appears always to be shear-free. 

The Kerr congruence is only a simplest example of such representation (for this case, 
the generating point source is "at rest" at some point of "imaginary" (supplementary to M) 
subspace of the full CM). The above presented solutions of the GSE and of corresponding 
SFC can all be obtained from such Newman's representation. On the other hand, these 
examples demonstrate that for such "complexified" Lienard- Wiehert fields the structure of 
singular locus can be very complicated and consists, generally, of a great number of one- 
dimensional curves - strings. 

In the algebrodynamical context complexified Minkowski space CM arises unavoidably 
as the full vector space of the biquaternion algebra B. At the same time, the above used 
procedure of restriction of coordinates to the real space-time M looks artificial and motivated 
only by physical considerations. Indeed, this subspace does not even form a subalgebra in B 
and is invariant neither under the B-automorphisms nor under the full group of symmetry 
transformations (14.11) . 

On the other hand, the group of B-automorphisms 50(3, C) consists of 6 real parameters 
and is 2:1 isomorphic to the Lorentz group 5*0(3, 1). One does not know any other group with 
properties like these. Quite reasonably, the algebra B and its symmetry group 5*0(3, C) have 
been used in the works of A. P. Yefremov [54] for construction of the so called quaternionic 
theory of relativity in context of which the invariant subspace C 3 has been considered in 
capacity of the primordial space-time with three space-like and three time-like coordinates. In 
order to reduce the three-dimensional time to physical one-dimensional time, some additional 
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requirements of orthogonality have been imposed. 

From the author's viewpoint, such "exotic" interpretation of the properties of biquater- 
nion algebra is quite unnecessary. The matter is that its invariant subspace C 3 can be in a 
natural way mapped into the "causal" domain of the physical Minkowski space-time equipped 
with additional internal fibre-like variables [55]. Specifically, the principal invariant of initial 
complex space 

a = { Zl f + (z 2 ) 2 + (z 3 ) 2 (9.1) 

can be separated into a non-compact "modulus-like" and compact "phase-like" parts. It is 
just the first part represented by the real- valued nonnegative invariant 

S 2 ■= aa* > 0, (9.2) 

that predetermines the observable "spatially extended" physical macro-geometry, whereas 
the second "phase" part of invariant a is perceived as defining the internal geometry of the 
"fiber". By this, the most important result of the above cited paper consists in the fact that 
the positively definite (or null) SO (3, C)-invariant (19.2ft can be identically represented in the 
form of Minkowski-like interval: 

S 2 = aa* = T 2 — \X\ 2 , (9.3) 

where the real-valued quantities 

T:=(z-z*), X:=i[zxz*] (9.4) 

under the 5*0(3, C)-rotations transform respectively as the time and space coordinates of the 
Minkowski space under the Lorentz-like transformations. In definition ( 19.41) parentheses and 
square brackets denote the scalar and vector product of 3D (complex) vectors respectively. 

Thus, one can really consider the algebra of biquaternions B as the space-time algebra, 
and the Minkowski geometry is induced by this via the quadratic mapping of complex coor- 
dinates of the invariant subspace C 3 of the full vector space of B into the internal, "causal" 
domain of the light cone of M including its null boundary. In this connection, apart of the 
positively definite Minkowski interval (! ) (19.31) there arises another phase invariant of Lorentz 
tramsformations (precisely, of SO (3, C)-rotations) that might turn to be closely related to 
universal quantum properties of matter and to manifestations of quantum interference in 
particular. 

According to the here discussed notions, the "true" primordial dynamics of matter-like 
formations (singularities, solitons etc.) takes place just in the initial complex space whereas 
the observable, "shadow-like" dynamics - in the induced "causal Minkowski space-time". 
Such approach makes it possible, in particular, to successfully realize the beautiful old idea 
of Wheeler-Feynman about "reproduction of electrons from one sole electron-germ". 

Specifically, let the point particle, in accord with the Newman's representation, "moves" 
in CM along a "trajectory" {z^(t)}, t G C of general (sufficiently complicated) form. 
Then it can be shown [61 J that any position of this particle will be strictly correlated with 
other its positions on its own world line. Precisely, this correlation is established through 
equal values of fundamental twistor field of the null (complex) congruence generated by the 
particle-source and, correspondingly, - through equation of the complex null cone. 
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The situation strongly resembles the known procedure for the Lienard- Wiehert fields in 
the framework of classical electrodynamics. However, in contrast to the case of real space- 
time, in complex space the "light-like cone equation" always have a considerable (if not 
infinite) countable number of roots. Consequently, a particle will "see" and "receive signals" 
"from itself" at different its locations on a unique trajectory. The arising set of identical yet 
differently located and moving particles has been named in our paper |61| the ensemble of 
duplicons. 

Apart of the idea of duplicons, the problem of complex time unavoidably arises in the 
context of complex dynamics. It turns to relate to general conception of physical time in 
the algebrodynamical paradigm (601 HH1 EE] ■ Specifically, to each of the GSE solutions there 
corresponds some shear- free null congruence of rays (section 7). This can be considered as 
the basic element of the pattern of the World arising in the algebrodynamics, namely, - as 
the flow of primordial light, the so called Prelight flow [60], [18]. In this connection, the whole 
"matter" represented in the theory by particle-like singular formations of associated fields 
appears as a set of caustics or focal lines of the fundamental Prelight flow. 

Returning now back to the problem of time, let us note that on the real space-time M the 
time coordinate plays the role of the parameter along the rays of fundamental congruence 
so that the defining property of time in this approach is the property of reproduction, of 
preservation of the primordial twistor field that takes place along the congruence rays (the 
"rays of time"). 

Speaking figuratively, in the presented theory time manifests itself as an automorphism 
of the primary field. However, the electromagnetic and other associated fields expressible via 
the derivatives of fundamental twistor field are, of course, not preserved along the rays as 
well as the caustics-particles themselves. Just this circumstance defines another fundamental 
function of time that is related to the motion and variability of different forms of physical 
matter. 

Situation drastically changes in complex space CM where the twistor field is defined 
up to a pair of arbitrary complex parameters and remains constant along the 2D complex 
planes [T9l l6T] . If, however, one requires in addition the property of preservation of the 
"matter-like" structure of caustics, then only one complex parameter remains free which 
thus can be interpreted as complex time [H]. Under this situation, however, there remains 
indefinite the succession of the occurrences of events (of the "states" of the Universe), and 
in absence of any grounds for its fixing it is the most natural to regard the alterations of 
complex time as completely random (casual). Then the arising for the ensemble of duplicons 
stochasticity can, apparently, be closely connected with quantum uncertainty and quantum 
theory in its Feynman's formulation in general. However, we are only coming to find the 
correct realization of these ideas. 

10 Conclusion 

In this article we did not regard as our principal goal to present a novel field model or a 
powerful algebraic method to obtain new complicated solutions of generally known equa- 
tions of classical field theory. Instead we here attempted to successively reveal the prop- 
erties of the differentiable (analytical) functions of biquaternionic variable, that is, to de- 
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velop a novel version of non-commutative analysis. Nonetheless, general conditions of IB- 
differentiability [TO], [23J El] reduce to the generating system of equations (I5.9P which possesses 
an innate gauge and 2-spinor (twistor) structures and manifests remarkable connections with 
the structures and language generally accepted in the formalism of relativistic field theory. 

Essentially, it is sufficient to formulate only three principle conjectures in order to phys- 
ically interpret the initially abstract mathematical scheme: 

1) on the space-time as a (real or invariant complex) subspace of vector space of IB-algebra, 

2) on physical fields as differentiable functions of IB- variable, 

3) on particles as (bound in 3D-space) singularities of strengths (curvatures) of the gauge 
and metrical fields directly associated with the primary B-differentiable functions-fields. 

From the physical viewpoint, the GSE may be considered as a rather specific system of 
field equations (nonlinear, non-Lagrangian, over-determined) for effectively coupled 2-spinor 
and electromagnetic (Yang-Mills) fields so that equations for both are not postulated but 
follow directly from integrability conditions or "contractions" of the GSE itself. 

Twistor structure also arises in a quite natural, "dynamical" way in the course of inte- 
gration of the GSE and makes it possible to obtain the whole set of its solutions as well as 
those of equations for associated gauge fields in a perfectly simple algebraic way [3 

Particularly, from the algebraic Kerr equation (I7.9P a wide class of exact solutions of 
linear Maxwell equations with spatially extended yet bound structure of singularities can 
be directly obtained. In this connection, condition (17.101) plays the role of the equation of 
motion for these particle-like formations and, at the same time, defines their characteristics 
("quantum numbers") and spatial distribution, realizing thus the Einstein's conception of 
super- causality [38j. 

In consequence of tjhe breakdown of the superposition principle for solutions of "master" 
equations - the GSE - temporal evolution of such particle-like objects simulates the process 
of physical interaction whereas dynamical reconstructions (bifurcations) of the structure of 
singular locus can be treated as transmutations of particles, in particular, as emission / 
absorption processes. All these processes obviously manifest close relationship to the theory 
of singularities of differentiable mappings and the catastrophe theory [36] . 

We also hope that at least a number of remarkable properties of the GSE can be inter- 
esting in the general context of field theory. Let us note here, in particular: 

1) an opportunity to extend the class of physically important gauge field models with ac- 
count of the "weak" gauge symmetry (16.41) discovered for the GSE or using the exceptional 
affine connections (I6.5p . (16.61) of Weyl-Cartan type; 

2) a natural opportunity to obtain proper "selection rules" for electric charge, spin and other 
physical characteristics starting from an over-determined system of field equations of the 
GSE type; 

3) complete algebraization of the primary PDE's for fundamental fields possessing twistor 
structure; 

4) possibility to define the spatial distribution and the law of evolution of the field singu- 
larities without explicit resolution of the field equations themselves (but using instead the 

12 Note that in the Penrose's twistor approach [l9l[30] in order to obtain the solutions of wave-like (massless) 
equations it is sufficient to carry out an integration in twistor space; as to the presented scheme, even such 
integration is redundant therein 
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algebraic method of elimination of the principal field G(X) from the joint system of equations 
(USD h (TTinjl ). 

One may imagine himself at least three possible points of view on the meaning of alge- 
braic structures presented in this article and on the fundamental GSE in particular: as on a 
beautiful mathematical "toy", on a powerful method to obtain the solutions of the familiar 
field equations or, finally, as on a fundamental dynamical system of equations primary with 
respect to generally accepted Lagrangian structures. In this connection, the construction of 
classical dynamics on the base of over-determined systems like GSE requires also quite new 
methods of quantization. On the other hand, at this point one can try to explain quantum 
properties as a whole via, say, the stochastic behaviour of an ensemble of particle-like field 
objects (dublicons, solitons, etc.) or invoking other yet purely classical and algebraic in 
nature methods and ideas. 

In any case, in order to find a correct approach to quantization and to explanation of 
quantum properties of matter in general, it is necessary at the beginning to carefully study 
the properties of classical solutions on the background of ordinary Minkowski space-time 
and on the "phase extension of the Minkowski geometry" directly induced by the internal 
properties of the IB-algebra and briefly considered in the last section. We think that just the 
underlying complex geometry can actually turn to be the true pregeometry of physical space- 
time and, moreover, be responsible for universal quantum properties of matter and quantum 
uncertainty in particular (in general context of an initially classical and deterministic theory). 

To conclude, the already discovered properties of the B-differentiable functions-fields 
and numerous geometrophysical structures they give rise to, looks like so unusually and, on 
the other hand, to such a great extent correlate with models and mathematical formalism 
of theoretical physics that force ourselves to ponder over possible numerical origin of funda- 
mental laws of nature [60, 62J and to turn again, at the modern mathematical and physical 
level of comprehension, to the ancient philosophy of Pythagor, Plato and their followers. 

^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 
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